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GEOMETRIC GROWTH FOR ANOSOV MAPS ON THE 3
TORUS
MAURICIO POLETTI
Abstract. We prove that for Anosov maps of the 3-torus if the Lya-
punov exponents of absolutely continuous measures in every direction
are equal to the geometric growth of the invariant foliations then f is
C1 conjugated to its linear part.
1. Introduction
Let f : M → M be a Cν diffeomorphism, ν > 1, of a compact d-
dimensional Cν manifold, we say that W is a Cν foliation of dimension
k if the leaves are k-dimensional Cν manifolds and varies continuously in
the transversal direction. To be more clear, for every p ∈ M there exists a
Ho¨lder continuous map Φ : [−1, 1]d →M such that
• Φ(0, 0) = p, for every y ∈ [−1, 1]d−k Φ([−1, 1]k ×{y}) ⊂ W(Φ(0, y)),
• the restriction of Φ to [−1, 1]k × {y} is Cν,
• (x, y) 7→ ∂Φ
∂x
(x, y) is Ho¨lder continuous.
We call Φ([−1, 1]d) a foliated box.
We call a foliation f -invariant if f maps leaves to leaves, i.e: f(W(x)) =
W(f(x)).
Fixing some Riemannian metric on M , we induce a Riemannian metric
on W(x) given by the restriction of the metric to the leaf. Lets call Wr(x)
the closed disc of radius r, centered at x, in W(x). Denote by VolW(x) the
volume induced by the Riemannian metric on W(x).
We say that a foliation W is expanding if there exist C > 0 and λ > 1
such that ‖Dfn(x)v‖ ≥ Cλn‖v‖ for every v ∈ TxW. We say that W is
contracting if it is expanding for f−1. Observe that after a change of metric
we can always take C = 1.
Following [15], we define the geometric growth of an invariant foliation
W:
Definition 1.1. Let W be an invariant expanding foliation. The geometric
growth of a ball of radius r centered at x is defined by
χ (x, r) = lim sup
1
n
log Vol (fn (Wr(x))) ,
taking the supremum over x we define
χWf |r = sup
x∈M
χ (x, r) .
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For a contracting foliation we define his geometric growth as −χW
f−1
|r.
It is easy to see that χWf |r does not depends on r and the Riemannian
metric (see for example [15]), we call this value χWf the geometric growth of
W.
We say that an invariant measure µ is absolutely continuous on W if
the disintegration of the measure with respect to this foliation is absolutely
continuous with respect to the volume measure in the leaves of W.
Remark 1.2. Usually the partition into leaves of W is not measurable (see
[16]), so in order to disintegrate µ we take a measurable partition such that
every element of the partition is contained in some leaf of W.
For example we can cover M with foliated boxes and take the partition
given by the connected components of the intersection of the leaves of W
with the foliated boxes.
Given an f -invariant measure µ we define the Lyapunov exponent with
respect to an invariant foliation W as
λµW(x) = limn→∞
1
n
log ‖Dfn(x) |TxW‖,
by Oseledets theorem [11] this limit exist for µ-almost every point x ∈
M . Moreover, for almost every x, there exists an invariant decomposition
TxW = E
1(x) ⊕ · · · ⊕ Ek(x) and numbers λµW(x) = λ
1
W(x) > · · · > λ
k
W(x)
such that
λiW(x) = lim
n→±∞
1
n
log
∥∥Dfnvi∥∥, vi ∈ Ei(x).
Relations between the Lyapunov exponents and the geometric growth
were studied by Saghin-Xia [15], they proved that if the invariant mea-
sure µ is absolutely continuous on W then ∆W ≤ χ
W
f , where ∆W =∫ ∑
dimEiλiWdµ.
A natural question that arises is: What can we say about f when we have
the extremal case ∆W = χ
W
f ?
We address this question proving a rigidity type result for Anosov maps
on the torus T3 = R3/Z3. Let’s describe the context in which we are going
to work.
1.1. Partially hyperbolic Anosov maps. We say that f : Td → Td is
an Anosov map if there exists an invariant splitting TxM = E
u(x)⊕Es(x),
such that Eu is expanding and Es is contracting, by this we mean that there
exist constants λ > 1, C > 0 such that∥∥Df−n(x)vu∥∥ ≤ Cλ−n and ‖Dfn(x)vs‖ ≤ Cλ−n,
for every n ∈ N, and unitary vectors vu ∈ Eu and vs ∈ Es.
Let F : Rd → Rd be a Zd-equivariant lift of f to the universal cover, the
matrix A = F (·) − F (0) : Zd → Zd is called the linear part of f , this map
induces an action on the torus that we will also call by A : Td → Td.
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A diffeomorphism f : Tn → Tn is called partially hyperbolic if there exists
0 < γ < 1, C > 0 and an invariant splitting TxM = E
uu(x)⊕Ec(x)⊕Ess(x),
such that Euu(x) is expanding, Ess(x) is contracting and
(1)
‖Dfn(x)vc‖ ≤ Cγn‖Dfn(x)vuu‖
and
∥∥Df−n(x)vc∥∥ ≤ Cγn∥∥Df−n(x)vss∥∥,
for every n ∈ N, and unitary vectors vu ∈ Euu, vc ∈ Ec and vs ∈ Ess.
In the literature this is also called pointwise partial hyperbolic in contra-
position of absolute partial hyperbolic when (1) is true even comparing the
norms in different points x, y ∈M (See [2]).
We say that an Anosov map f is a partially hyperbolic Anosov map if it
is partially hyperbolic and the dimE∗ 6= 0 for ∗ = ss, uu, c.
If f : T3 → T3 and dimEu = 2 we have that Eu(x) = Euu(x) ⊕ Ec(x),
as in this case the center bundle Ec is also expanding we will refer to it as
weak unstable bundle and denote it as Ewu, also we refer to Euu as strong
unstable bundle. From now on we are going to work in T3, and assume
that dimEu = 2 (of course all results can be stated when dimEs = 2 just
changing f by its inverse f−1).
The stable and unstable distributions of an Anosov map are always inte-
grable in Cν foliationsWs (contracting) andWu (expanding), also the strong
unstable distribution Euu is integrable in an expanding foliation Wuu. In
general for a partially hyperbolic diffeomorphism the center direction is not
integrable, if it is integrable we say that f is dynamically coherent.
In the case we are considering here (Partially hyperbolic Anosov map in
T
3) dynamically coherence follows form [13]: in fact as f is an Anosov map
then its linear part is a hyperbolic matrix, so it is isotopic to Anosov (see [13,
section 2.3]), also we are assuming that we have a partially hyperbolic map
of the type Es ⊕ Ec ⊕ Eu (in [13] this is called strong partially hyperbolic)
then by [13, theorem A.1] f is dynamically coherent. This implies that Wu
is sub-foliated by two transversal foliations Wuu and Wwu.
Definition 1.3. Given an expanding foliation W we say that λW(x) is a
Lebesgue Lyapunov exponent if λW is the Lyapunov exponent for some f -
invariant measure absolutely continuous in W.
Remark 1.4. It is a clasical result (see [12] ) that there exist invariant
measures that are absolutely continuous with respect to any expanding foli-
ation. We can apply this result to each one of our invariant foliations (for a
simple proof in this case see [4, step 2]). The measures we obtain that way
have full support, this will be proved in section 4.
These measures need not to be the same, for example if f is volume
preserving, then the volume measure is absolutely continuous with respect to
the stable and unstable foliation, but in general is not absolutely continuous
with respect to the weak unstable foliation (see [15]).
Now we can state our main result:
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Theorem A. Let f : T3 7→ T3 be an Partially Hyperbolic Anosov map, then
if there are Lebesgue Lyapunov exponents λWσ = χ
Wσ
f , for σ = s, uu,wu,
then f is C1 conjugated to its linear part. In particular f preserves some
measure absolutely continuous with respect to Lebesgue and all their Lya-
punov exponents with respect to this measure are Lebesgue Lyapunov expo-
nents.
Similar rigidity results were proven by R. de la Llave ([3]) in dimension
2 and A. Gogolev and M. Guysinsky ([4]) in dimension 3. In [3] and [4],
regularity of the conjugacy is guaranteed by information on the periodic
data. Here we replace by a somewhat weaker condition.
As a corollary of our result we have:
Theorem B. If f : T3 7→ T3 is a volume preserving partially hyperbolic
Anosov map, with absolutely continuous weak unstable foliation and the Lya-
punov exponents are equal to the corresponding geometric growth then f is
C1 conjugated to its linear part.
Observe that by [1], the sole absolute continuity of the central foliation
does not imply the smoothness of the conjugacy.
Another corollary that we can take from the proof of Theorem A (more
specifically this will be a corollary of theorem 4.1),
Theorem C. Let f : T3 7→ T3 be a volume preserving Anosov map (not
necessarily partially hyperbolic), then generically λWu < χ
u
f , if E
u is one
dimensional (or −λWs < χ
s
f−1
if not).
1.2. Idea of the proof. First we are going to prove that in this case the
geometric growth is equal to a topological entropy, this is done in section 3,
and this entropy is invariant by conjugation so is the same for the linear
part of f .
To prove the differentiability of the conjugation we will prove the differen-
tiability in each of the invariant foliations and then use Journe’s regularity
lemma to conclude the regularity of the conjugation.
The differentiability in each foliation will follow from the fact that a map
between one dimensional manifolds is C1 if and only if the push forward
of the Lebesgue measure gives a measure absolutely continuous to Lebesgue
with continuous Radon-Nikodym derivatives. To prove this property we will
push the measures absolutely continuous in each invariant manifold and use
Ledrappier-Young formula to conclude the absolute continuity of the map h
in each direction.
Section 2 is devoted to recall the terminology and results of [7] and [9]
that we will use.
Acknowledgements. Thanks to Radu Saghin for the useful discussions
and recommendations about the work, to Marcelo Viana for the orienta-
tion on this problem, to Fernando Lenarduzzi for reading the paper, also
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to the anonymous referee for the corrections and recommendations on the
manuscript.
2. metric entropy along foliations
In this section we recall some definitions and results of [7],[8] and [9],
these results are originally stated for the unstable manifolds but they can
be easily adapted to any expanding invariant foliation.
Fix some expanding f -invariant foliation W and some f -invariant proba-
bility measure m.
Definition 2.1. Let ξ be a measurable partition of M , let Cξ (x) be the
element of the partition that contains x ∈M , we said that ξ is subordinated
to W if Cξ (x) ⊂ W (x), for m-almost every x ∈M .
Given a partition ξ subordinated toW, by Rokhlin disintegration theorem
(see for example [16]), we have a family of measures {mξx}x∈M such that for
every measurable set A ⊂M :
• y 7→ mξy is constant on each Cξ(x),
• mξx (Cξ (x)) = 1,
• x 7→ mξx(A) is measurable,
• m (A) =
∫
mξx (A) dm.
We call a W subordinate partition adapted if
• for m-almost every x ∈M , Cξ (x) is a neighborhood of x in W, and
• f−1 (ξ) ≻ ξ, by this we mean that for m-almost every x ∈ M ,
f−1Cξ(f(x)) ⊂ Cξ(x).
By [7, Proposition 3.1] we have that
Lemma 2.2. There exists a W adapted partition.
Let H
(
f−1ξ | ξ
)
= −
∫
log mξx
(
Cf−1ξ(x)
)
, this does not depend on the
adapted subordinated partition (see [9, Lemma 3.1.2]), so we define the
metric W-entropy as
hm(f,W) = H
(
f−1ξ | ξ
)
.
Let JWf (z) be the Jacobian of Df(z′) |TW , for z
′ ∈ W(z) define
∆
(
z, z′
)
=
∞∏
j=1
JWf
(
f−jz
)
JWf (f−jz′)
.
We also recall the next Proposition ([7, Proposition 3.7]),
Proposition 2.3. Let ξ be an adapted partition, then H
(
f−1ξ|ξ
)
=
∫
log JWf(x)dm,
if and only if, the measure is absolutely continuous in W, moreover
(2) mξx(B) =
1
L(x)
∫
Cξ(x)∩B
∆(x, t)dVolW(x)(t),
where VolW(x) is the Lebesgue measure inW(x) and L(y) =
∫
Cξ(x)
∆(x, t)dµux(t).
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Observe that
∫
log JWf(x)dm =
∫ ∑
Ei∈TW dimE
iλimdm where λ
i
m are
the Lyapunov exponents of m, then
Theorem 2.4 (Theorem 4.8 of [7]). Let W be an expanding invariant foli-
ation, then hm(f,W) =
∫ ∑
Ei∈TW λ
i
mdm, if and only if, the disintegration
of the measure with respect to W is absolutely continuous.
Remark 2.5. Observe that equation (2) gives that the disintegration of the
measure m with respect to a partition subordinated to the foliation W is
of the form dmx = ρdVolW(x), where VolW(x) is the Lebesgue measure in
W(x) induced by the restriction of the Riemannian structure of M to W(x)
and ρ is defined modulo a normalization by the relation
(3)
ρ(x)
ρ(y)
= ∆(x, y),
for every x, y in the same W leave.
Also, whenW is one dimensional, x 7→ VolW(x) is locally continuous (con-
tinuous in local charts) in the weak∗ topology. Lets explain how this follows:
by definition of the foliation there exists a foliated chart Φ : [−1, 1]d → M
centered at x, then for every y ∈ [−1, 1]d−1, I ⊂ [−1, 1] × {y},
VolW(y′)(Φ(I)) =
∫
I
∥∥∥∥∂Φ∂x (x′, y)
∥∥∥∥dx′,
where y′ = Φ(0, y) and ‖·‖ is the norm induced by the Riemannian metric.
Normalizing ρ such that, for every y ∈ [−1, 1]d−1,
∫
Φ([−1,1]×{y}) ρdVolW(y′) =
1, by (3) we have that ρ(y′)
∫
∆(t, y′)dVolW(y′)(t) = 1, then y 7→ ρdVolW(y′)
is also locally continuous.
3. Topological entropy along foliations
In this section we define some topological invariant quantities that are
related to the geometric growth, in particular on the case we are treating
we get that the geometric growth is topologically invariant.
Definition 3.1. Given K ⊂ W(x) with K compact, we call E ⊂ K, n, ǫ-
separated if for every y, z ∈ E, dnx(y, z) > ǫ, where
distnx(y, z) = max
0≤j<n
distW
(
f j(y), f j(z)
)
.
We say that E is n, ǫ-generator if for every z ∈ K there exist some y ∈ E
such that distnx(y, z) < ǫ.
Let s(K,n, ǫ) be the maximal cardinality of an n, ǫ-separated set, and
g(K,n, ǫ) be the minimum cardinality of an n, ǫ-generator set. Define
s(K, ǫ) = lim sup
1
n
log s(K,n, ǫ),
g(K, ǫ) = lim sup
1
n
log g(K,n, ǫ)
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and
s(K) = lim
ǫ→0
s(K, ǫ), g(K) = lim
ǫ→0
g(K, ǫ).
It is easy to see (same argument as in the classical entropy case, see [16]),
that s(K) = g(K), so we define the W entropy as
hW = sup
x∈M
sup
K⊂W(x)
s(K) = sup
x∈M
sup
K⊂W(x)
g(K).
We are going to prove that in our case this entropy is equal to the geo-
metric growth.
Lemma 3.2. If W is a one dimensional expanding foliation then hW ≤ χ
W
f .
Proof. LetK ⊂ W(x) be a compact set, we have thatW(x) is homeomorphic
to R so we can take K̂ to be the smallest convex interval that contains K.
Observe that for every n > 0, fnK̂ is an interval on W(fn(x)), and has
at most length f
nK̂
r
r-separated points, where length(I) is the length of the
interval I in W.
Take k such that
∥∥Df−k|TxW∥∥ < 1, then for every x, y ∈ K̂, distW(x, y) ≤
dist(fk(x), fk(y)). So
distnx(y, z) = max
n−k≤j<n
distW(f
j(y), f j(z)),
then if E is an n, r-separated set of maximal cardinality we have
#E ≤
length fnK̂
r
+
length fn−1K̂
r
+ · · ·+
length fn−kK̂
r
.
So we conclude that
lim sup
n→∞
1
n
log s (K,n, r) ≤ lim sup
n→∞
1
n
log
(
length fnK̂
r
)
≤ χWf .

Lemma 3.3. Let W be a k-dimensional manifold (not necessarily one di-
mensional) then hW ≥ χ
W
f .
Proof. Fix y ∈M and R, r ∈ R and let E be and n, r-generator set ofWR(y)
with minimal cardinality, we have that
fn (WR(y)) ⊂
⋃
x∈E
Wr(f
n(x)),
Hence, we have that
Vol fn (WR(y)) ≤
∑
x∈E
VolWr(f
n(x))
≤ C#Erk
where C > 0 is some constant that depends on the curvature of W.
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So we conclude that
lim sup
n→∞
1
n
log (Vol fn(WR(y))) ≤ lim sup
n→∞
1
n
log
(
rk g (WR(y), n, r)
)
.

As a consequence of lemmas 3.2 and 3.3 we have
Proposition 3.4. Let W be a one-dimensional f -invariant expanding foli-
ation, then hW = χ
W
f .
4. The linear part
Let f : T3 → T3 be an Anosov map as in the hypothesis of theorem A.
Let F : R3 → R3 be the lift of f to R3 and A ∈ SL(3,Z) be its linear part,
this means that there exists some p : R3 → R3, with p(x + n) = p(x) for
every x ∈ R3 and n ∈ Z3, such that F = A+ p.
By a classical result of A. Manning ([10]) the linear part of a partially
hyperbolic Anosov map, A, has 3 different eigenvalues αuu, αwu and αs with
λuuA > λ
wu
A > 0 > λ
s
A, where λ
i
A = log
∣∣αi∣∣ for i = uu,wu, s.
Also, a classical result (see for example [6]) states that there exists a
conjugacy
H : R3 → R3, such that H ◦ F = A ◦H,
at finite distance of the identity that also induce a conjugacy
h : T3 → T3, h ◦ f = A ◦ h.
Observe that A : T3 → T3 is a partially hyperbolic Anosov map with
invariant manifolds W iA(x) = {x} + E
i
A where E
i
A is the eigenspace corre-
sponding to λiA, for i = uu,wu, s.
By [14, proposition 2.3] we have that:
• h(Wsf (x)) =W
s
A(h(x)),
• h(Wuuf (x)) ⊂ W
u
A(h(x)) := {x} +E
uu
A + E
wu
A ,
• h(Wwuf (x) =W
wu
A (h(x)),
• h(Wuf (x)) =W
u
A(h(x)).
The following results are going to be used for each of the invariant folia-
tions so from now on lets suppose that W is a one dimensional f -invariant
foliation and h takes the leaves of W to A-invariant manifold EA (a trans-
lation of an eigenspace).
The purpose of this section is to prove:
Theorem 4.1. If h takes any one dimensional expanding f -invariant Cν
foliation W (for example Wuu or Wwu) to an A-invariant manifold EA
and there exists an f -invariant measure m absolutely continuous on W such
that χWf = λ
m
W(x), m-almost everywhere, then for every x ∈ M , h is C
ν
restricted to W(x).
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Observe that, as EA is dense in T
3 and h is a homeomorphism, W(x) is
also a dense for any x ∈M , a foliation with this property is called minimal.
The support of a measure m absolutely continuous on W is saturated by
W, then by the minimality of this foliation and proposition 2.3 the measure
is fully supported.
Now, lets state some lemmas in order to prove the theorem.
Lemma 4.2. We have that hfW = h
A
EA
.
Proof. The foliation W is a continuous foliation with C1 leaves, so there
exist δ > 0 and Q > 0 such that if dist(x, y) < δ, with y ∈ Wloc(x), then
distW (x, y) ≤ Q dist (x, y).
By the uniform continuity of h, given K ⊂ W(x) compact and ε > 0,
there exists δ > 0 such that, for every x, y ∈ K, if distWf (x, y) < δ then
distEA (h(x), h(y)) < ε. We claim that if E is a n, δ-generator set of K then
h(E) is a n, ε-generator set of h(K).
Indeed, for every y ∈ K there exist x ∈ E such that distW(f
j(x), f j(y)) <
δ, we have that distEA
(
h ◦ f j(x), h ◦ f j(y)
)
< ε then distEA
(
Ajh(x), Ajh(y)
)
<
ε, proving our claim.
This implies that gA (h(K), n, ε) ≤ gf (K,n, δ) so gA (h(K), ε) ≤ gf (K, δ),
observe that if ε→ 0 then δ → 0, also h is a homeomorphism so taking the
supremum for every compact set contained in EA is the same of taking the
supremum over h(K) ⊂ EA with K ⊂ W compact.
Then we conclude that hAEA ≤ h
f
W . The same reasoning using h
−1 gives
hAEA ≥ h
f
WA
. 
As a corollary we have the next result interesting on itself (for this result
we do not need the torus to be 3-dimensional, neither the invariant manifolds
to be one dimensional).
Theorem 4.3. Let f : Tn → Tn be a Partially Hyperbolic Anosov map, then
for any measure absolutely continuous in the weak unstable direction, the
Lyapunov exponents in this direction are not bigger than the corresponding
of the linear part.
Proof. Let µ be an invariant measure such that Wwu is absolutely continu-
ous. By [15], λµWwu(x) ≤ χ
f
Wwu , also by lemma 3.3 and lemma 4.2 we have
that λµWwu(x) ≤ h
A
Ewu
A
.
As EwuA is an invariant linear subspace h
A
Ewu
A
= χwuA = log detA |EwuA , this
is equal to the sum of the logarithm of the eigenvalues of A in the direction
Ewu. 
When Ewu is one dimensional, by proposition 3.4 we have that χEAA =
χWf =: χ and, because A is linear and EA is an one-dimensional eigenspace,
the Lyapunov exponent of A, the geometric growth and the logarithm of the
eigenvalue coincide.
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From now on we are going to assume that χWf = λ
m
W , so we have
(4) χ = λEA = λ
m
W .
Using an f subordinated partition ξ, as defined section 2, we can define
a partition hξ, by
hξ(x) = h
(
ξ(h−1(x))
)
,
this partition has the following properties:
Lemma 4.4. If ξ is an adapted f -subordinated measurable partition of Wf
then hξ is an adapted A-subordinated measurable partition of EA and the
Rokhlin disintegration of mˆ := h∗m is mˆ
hξ
x = h∗m
ξ
h−1(x)
.
Proof. It is clear that h
(
ξ(h−1(x))
)
∈ h
(
W(h−1(x)
)
= EA(x), and
A−1 (hξ) (Ax) =
(
A−1h
)
ξ
(
h−1Ax
)
= h
(
f−1ξ
(
f h−1(x)
))
⊂ h
(
ξ
(
h−1(x)
))
,
also open neighborhoods goes to open neighborhoods because h is a home-
omorphism.
Now for the Rokhlin disintegration, observe that
h∗m
ξ
h−1(x)
(
h(ξ(h−1(x))
)
= mξ
h−1(x)
(
ξ(h−1(x))
)
= 1,
also given any mensurable set B∫
h∗m
ξ
h−1(x)
(B)d(h∗m) =
∫
mξ
h−1(x)
(
h−1 (B)
)
d(h∗m)
=
∫
mξx
(
h−1 (B)
)
dm
= m
(
h−1B
)
= h∗m (B) .
So the result follows by the uniqueness of the Rokhlin disintegration 
We have that the metric entropy in the EA manifold for h∗m is
hAh∗m = −
∫
log mˆhξ
(
A−1(hξ)
)
d(h∗m)
= −
∫
log h∗m
ξ
(
A−1
(
hξ
(
h−1x
)))
d(h∗m)
= −
∫
logmξ
(
f−1ξ(x)
)
dm
= χ,
the last equality follows by the fact that m is absolutely continuous in the
W direction, theorem 2.4 and (4).
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Then h∗m = λEA so applying Proposition 2.3, the measure h∗m is ab-
solutely continuous in the EA direction with ∆A(y, t) = 1 (because the
Jacobian is constant for the linear map).
We need to prove that, restricted to W, h preserves the density ρ, and
for every t ∈ W(y), ∆f (y, t) =
∏ JWf(f−j (y))
JWf(f−j (t))
is continuous.
Actually if f and W are Cr then ∆f (y, t) =
∏ JWf(f−j (y))
JWf(f−j (t))
is Cr−1 with
r > 1, for r = 1 we need f to be at least C1+α, for some α > 0.
The proofs of the next lemmas can be found in [3], for completeness we
redo the proofs here.
Lemma 4.5. ∆f (y, t) =
∏ JWf(f−j(y))
JWf(f−j(t))
is Cr−1 function in the W direction
if f is Cr with r > 1, for r = 1 is C0 if f is C1+α.
Proof. Let
log∆n(y, t) =
n−1∑
j=0
(
log JWf(f−j(y))− log JWf(f−j(t))
)
.
If f is C1+α then Ju(x) is α Ho¨lder, hence(
log JWf(f−j(y)− log JWf(f−j(t)
)
≤ Cλ−jαd(x, y)α
So, ∆n converges absolutely, this implies the continuity of ∆.
If r > 1 then log JWf(y) is Cr−1 restricted to W, and
dJWf ◦ f−j
dW
= D log JWf(f−j(x))Df−j(x) |W ,
so
(5)
∥∥∥∥d log JWf ◦ f−jdW (x)
∥∥∥∥ ≤ Cλ−j‖vu‖.
Then
d
dy
∆n(y, t) =
n−1∑
k=0
1
log JWf(f−k(t))
∏
j 6=k
log JWf(f−j(y))
log JWf(f−j(t))
dJWf ◦ f−k
dW
by the first part
∏
j 6=k
log JWf(f−j(y))
log JWf(f−j(t))
is uniformly bounded, so using (5) we
conclude that the derivative also converges uniformly. Similar arguments
for the derivatives of superior order shows that all the derivatives converges
uniformly. 
Proposition 4.6. Form almost every x we have that h :Wf (x)→ EA(h(x))
is Cr.
Proof. Fix x such that the disintegration of the measure in a W adapted
partition is absolutely continuous to Lebesgue in W, we have h : Cξ(x) →
Chξ(h(x)). Using a foliated chart, we can assume that h : I → J where I
and J are intervals.
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We have that the measure induced in the intervals by our invariant mea-
sure is absolutely continuous, this means∫
ϕd(h∗m
ξ) =
∫
ϕρ1dVolJ and
∫
ϕd(mξ) =
∫
ϕρ2dVolI ,
remember that as A is linear ∆A(x, y) = 1 and then ρ1 is constant.
Then ∫
(ϕh) ρ2d Vol =
∫
ϕd(h∗m
ξ)
=
∫
ϕρ1d Vol .
So we have that h is given by
h(y) − h(x) =
∫ h(y)
h(x)
1d Vol
=
∫
1[h(x),h(y)]
ρ1
ρ1
d Vol
=
∫
1[h(x),h(y)] ◦ h
ρ2
ρ1
d Vol
=
∫
1[x,y]
ρ2
ρ1
d Vol,
where 1B is the characteristic function of B.
Hence, because ρ2 is C
r−1 by lemma 4.5, we have that h ∈ Cr. 
proof of theorem 4.1. Fix a foliated chart Φ : [−1, 1]d → M centered at x,
also fix the partition ς into horizontal discs given by this foliation.
Define ρ : Φ([−1, 1]d)→ R such that
ρ(Φ(s))
ρ(Φ(t))
= ∆f (Φ(s),Φ(t)) and
∫
Φ([−1,1]×{y})
ρdVolW(Φ(0,y)) = 1
for every y ∈ [−1, 1]d−1, t, s ∈ [−1, 1]× {y}.
If x ∈ supp(m) then we can take a sequence of xn → x such that m
ς
xn
and h∗m
ς
xn
are absolutely continuous with respect to Lebesgue. We claim
that mςxn ⇀ ρdVolW(x). To prove this claim take any g : Φ([−1, 1]
d) → R
continuous. Write g in the foliated chart as g(t, z) with t ∈ [−1, 1] and
z ∈ [−1, 1]d−1, so by assumption∫
g(t, z)dmxn =
∫
g(t, xn)ρ(t, xn)dVolW(xn)(t)
then by remark 2.5 when n→∞, we have that∫
g(t, z) dmxn →
∫
g(t, x)ρ(t, x)dVolW(x)(t).
Also, because h is continuous, h∗m
ς
xn ⇀ h∗
(
ρdVolW(x)
)
and by the same
arguments as before we also have that h∗m
ς
xn ⇀ ρAdVolEA , so h also takes
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Lebesgue measure with Cr−1 density to Lebesgue measure with Cr−1 density
inW(x), then we can apply the same argument as in proposition 4.6 to every
x ∈ supp(m) = T3. 
5. Proof of the Main Theorem
Before finishing the proof we recall the next lemma due to Journe´ ([5])
Lemma 5.1. Let Mj be a manifold and W
s
j , W
u
j be continuous transverse
foliations with Cν, ν > 0, leaves, for j = 1, 2. Suppose that h :M1 →M2 is
a homeomorphism that maps Ws1 intoW
s
2 and W
u
1 toW
u
2 . Moreover assume
that the restrictions of h to the leaves of these foliations are Cν, then h is
Cν.
Now we are able to prove our main theorem.
Proof of Theorem A. Fix some invariant measure m absolutely continuous
on Wwu such that λmwu(x) = χwu.
As h preserves the weak unstable manifold, by theorem 4.1 we have that h
is C1 in the weak unstable direction. Using f−1 and the fact that h preserves
the stable manifold we also conclude that h is C1 in the stable direction.
In general h(Wuu) is not necessarily contained in EuuA , but in [4, lemma 6]
Gogolev and Guysinsky proved that if h restricted to the weak unstable
manifold is C1 (as in our case), then h(Wuu) = EuuA .
Applying theorem 4.1 once more we conclude that h is also C1 in the
strong unstable direction.
Using lemma 5.1, first with the Wuu and Wwu, sub-foliations of Wu, we
conclude that h is C1 in Wu, using again the lemma with Wu and Ws we
conclude that h : T3 → T3 is C1.
For the second part observe that, as A preserves the volume measure Vol
in T3 and h is C1, we have that µ = h−1∗ m is absolutely continuous with
Vol. Moreover, as h−1(EwuA ) =W
wu we have thatWwu is absolutely contin-
uous, so the Lyapunov exponents with respect to µ are Lebesgue Lyapunov
exponents in every direction. 
Remark 5.2. The weak unstable manifold is only C1, this is the reason
why we can not prove that h is actually Cν, we only have that h is Cν on
the strong unstable and stable directions.
Proof of Theorem C. Let m be the volume measure. Suppose that Eu is
one dimensional and λum = χ
u
f , as f is volume preserving, W
u is absolutely
continuous and h(Wu) = EuA we can apply theorem 4.1 to W
u, then the
conjugation between f and A is C1 in the u-direction. In particular there
exist λ > 0 such that
∥∥Dfkp(p) |Eu(p)∥∥ = ekpλ for every kp-periodic point
p. Take two periodic points p and q and make a perturbation such that
the eigenvalue in the unstable direction in p changes but the one in q does
not. By theorem 4.1 this implies that λu < χ, observe that the condition
Dfkp(p) |Eu(p)= e
kpλ and Dfkq(q) |Eu(q)= e
kqλ
′
with λ 6= λ′ is an open
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condition, then we have that λu < χ in an open and dense set of the volume
preserving Anosov maps. 
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